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Abstract 

A necessary and sufficient condition for the differentiability of the distance function 
generated by an almost proximinal closed set has been given for normed linear spaces 
with locally uniformly convex and differentiable norm. We prove that the proximinal 
condition of Giles (Proc. Amer. Math. Soc., 104, No. 2, 1988, 458-464) is true for almost 
sun. In such spaces if the proximinal condition is satisfied and the distance function is 
uniformly differentiable on a dense set then it will result in the differentiability on all off 
the set (generating the distance function). The proximinal condition ensures about the 
convexity of almost sun in some spaces under a differentiability condition of the distance 
function. A necessary and sufficient condition is obtained for the convexity of Chebyshev 
sets in Banach spaces with rotund dual. 

Keywords. Distance function, Proximinal set. Differentiability, Generalized subdifferential. 
Almost sun, Chebyshev set. 

1 Introduction 

Let V be a real normed linear space. For a nonempty closed set K in X, we define its distance 
function cIk on X by 

= inf {||x — k\\ \ k ^ K} . 

This function is not necessarily every where differentiable but it is (globally) Lipschitz, with 
the Lipschitz constant equal to 1. The metric projection of x into K is 

Pk{x) = {k E K : \\x — k\\ = dxix)} . 
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The set K is called proximinal (Cliebysliev) if for every x G X\K, Pk{x) is nonempty (sin¬ 
gleton) . K will be called almost proximinal if Pk {x) is nonempty for a dense set of a; G X\K. 
A proximinal set K m a. normed linear space X is a sun if for every x G X\K with a closest 
point p{x) G K , points x + tx have p{x) as a closest point for all t ^ 0, where T is a unit 
vector in the direction of a: — p{x). An almost proximinal set K will be called almost sun if 
for a dense set of a; G X\K with a closest point p{x) G K, points a: -|- fa: also have p{x) as a 
closest point for all t ^ 0. 

Dutta |1] has deduced that if the norm on X is locally uniformly convex (LUR) and 
(Frechet) smooth. Then the (Frechet) smoothness of the distance function dx generated by 
an almost proximinal set K is generic on X\K. Further if norms on X and X* are LUR, 
then he characterized the convexity of Chebyshev sets in terms of the Clarke generalized 
sub differential of the distance function. His technique is based on the observation of the 
denseness of the set E'{K), where E'{K) denotes the set of points in X\K for which every 
minimizing sequence in K converges to a unique nearest point. A sufficient condition for 
E'{K) to be dense is the local uniform convexity of the norm on X. We will use this result to 
improve (in some sense new) results of Giles [B]. 

In a normed linear space X, Giles [6] assumed a proximinal condition on a nonempty closed 
set X, which has the property that for some r > 0 there exists a set of points Xo G X\K which 
have closest points p{xo) G K with dx^Xo) > r such that the set of points Xo — rxo is dense in 
X\K. It has been shown that if the norm has sufficiently strong differentiability properties, 
then the distance function dx generated by K has similar differentiability properties and it 
follows that, in some spaces, K is convex. 

It is well known that in a smooth finite-dimensional normed linear space every Chebyshev 
set is convex and the metric projection is continuous on X\K and this fact is used in the 
proof. So it is natural to consider the continuity of the metric projection while proving the 
convexity of Chebyshev sets in smooth infinite-dimensional spaces. The best known result is 
due to Vlasov [7] : in a Banach space with rotund dual, Chebyshev sets with continuous metric 
projection are convex. A close look of Vlasov’s proof shows that the continuity of the metric 
projection has been used only to establish a differentiability condition of the distance func¬ 
tion generated by the set. In terms of a differentiability condition on the distance function, 
Vlasov’s Theorem can be stated as follows. 


Proposition 1.1. ( Borwein et ah [T], THEOREMS 14-18). 

In a Banach space X with rotund dual X*, a nonempty closed set K is convex if its distance 
function dx satisfies 


dx{x+ y) - dx{x) 
hm sup-- 

IhlHo Ill/ll 


1 for all X G X\K. 


In particular, this differentiability condition is satisfied if dx is smooth and ||d)^(x)|| = 1 or if 
dx is Frechet smooth for all x G X\K. 

It is easily seen that in any normed linear space X, if every point x G X\K is an interior 
point of an interval with end points Xo G X\K and closest point p{xo) G K, then p{x) = p{xo) 
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and the differentiability condition of Proposition 11.11 will be satisfied. For the convexity of K 
in a normed linear space X, it is a necessary condition that the distance fnnction dx satisfies 
the differentiability condition for all x G X\K. We will nse Vlasov’s Theorem in the form 
of Proposition 11.11 to establish convexity resnlts. Fitzpatrick [S] observed a close connection 
between continnity of the metric projection and differentiability of the distance fnnction, and 
a differentiability condition on the distance fnnction implies convexity of Chebyshev sets. 

To make the paper self contained, we reprodnce some definitions and known resnlts given 
as follows. 

A fnnction h : X —)• M is said to be Gateaux differentiable or smooth at a: G X if there 
exists a continnons linear fnnctional h'{x) G X*, called the Gateaux derivative of h, such that 
for given e > 0 and y G X with |||/|| = 1 there exists a 5(e, x,y) > such that 


h{x + ty) — h{x) 
t 


h'{x){y) 


< e when 0 < 


< 5 . 


( 1 ) 


The function h is said to be Frechet smooth at x if there exists a 6{e,x) > 0 such that 
inequality ([T]) holds for all y G X with ||?y|| = 1. 

The function h is said to be uniformly smooth on a set D if there exists a 6{e,y) >0 such 
that inequality ([T]) holds for all x G D, and is said to be uniformly Freehet smooth on a set D 
if there exists a 5(e) >0 such that inequality ([T]) holds for all x G H and for all y G X with 

Ibll = 1- 

The space X is said to be smooth {Frechet smooth) at x 7 ^ 0 if the norm is smooth (Frechet 
smooth) at X 7 ^ 0. We say that X has uniformly smooth {uniformly Frechet smooth) norm if the 
norm is uniformly smooth (uniformly Frechet smooth) on the unit sphere {x G X : ||x|| = 1} . 

Let h : X —>■ M be a locally Lipschitz function. The Clarke generalized directional derivative 
of /i at a point x and in the direction y G X, denoted by h°{x; y), is given by: 


h°(x; y) = limsup 


h{z + ty) — h{z) 
t 


and the Clarke generalized subdifferential of h at x is given by 


dh{x) = {f ex*: h\x-y) ^ f{y), Vy G X} . 


2 Differentiability and The Proximinal Condition 


We denote by E{K), the set of all points in X\K which has nearest points in K and E'{K) 
to be the set of x G E{K) such that every minimizing sequence in K for x converges to a 
unique nearest point of x. We denote by f^, a subgradient of the norm at x G X, then sub 
differential d ||x||, the set of all subgradients of the norm at x G X, is given by 

^ll^ll = {fx e X* : f^{x) = ||x|| and ||/„|| = 1} 


Note that d 
singleton. In 


lj^ = 9||x|| for X 7 ^ 0. Clearly, if norm is smooth at x 7 ^ 0 then 5||x|| is 
'Tis case the single subgradient fx becomes Gateaux derivative. 


The following two lemmas play very crucial role in establishing our results. 
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Lemma 2.1. ( Borwein and Giles [2], LEMMA 1) For any z G E{K) and every p{z) G Pk{z), 
there exists an E d \\z — p{z)\\ sueh that fg G ddx^z). 

Lemma 2.2. (Dutta [1], LEMMA 1) For any z G E'{K) we have 

ddK{z) Fd\\z- Pk{z)\\ . 

Equality holds if norm on X is smooth at z — Pk{z). Moreover norm on X is Frechet smooth 
at z — Pk{z), then dx is Frechet smooth at z. 

For more detailed explanation of generalized subdifferential, see Clarke [3]. 


Remark 2.1. Indeed, smoothness of dx in Lemma \2.1\ is strict (see [3], Proposition 2.2.4). 
For a locally Lipschitz function h, the strict differentiability is equivalent to being singleton of 
dh. 


Now, we establish the following result, which would serve as a a part of next result of this 
paper. 

Proposition 2.1. Let X be a smooth normed linear space. Let K be a nonempty closed set 
with the set E\K) dense in X\K. Suppose x G X\K is such that for every yn G E\K) 
with yn ^ X the sequence {gy„} is w* — convergent. Then the distance function dx generated 
by K is strictly smooth at x. 

Proof. To prove that dx is strictly smooth at a; G X\K, it suffices to show that ddx{x) is 
singleton. 

Let yn G E\K) be any sequence such that yn x. By dehnition of upper limit, for each 
n eN there exists Zn G X\K and G > 0 such that 

Vn 


d'KiVn] y) 

n 

hence, lim sup d]^ {yn, y) 

n—>-oo 

Since yn G E'{K) with yn —)■ x, so by Lemma YI72[ ddx{yn) = d\\yn — PK{yn)\\ is singleton, 
we have d]^{yn]y) = d'j^{yn){y) = gn{y), where gn{yn - PK{yn)) = hn- PK{yn)\\, that is 
Qn = dyn, with yn ^ X and yn G E'{K), hence w*—convergent. Let g in w*— topology, 

by rc*—upper semicontinuity of ddx, we must have g G ddx{x). 

Thus, for dX\ y E X with ||y|| = 1 and for every sequence yn G E'{K) with yn x, we have 
limn^oo d°x{yn',y) exists in ddx{x){y), so linear in y and 

\im dK{yn;y) ^ d^ix^y). 

n—>-oo 


+ tn<—, and 
n 


< 


dx{Zn ffi Gy) dx{Zn} 


G lim sup 

Z^X, t4'0 

= dK{x-,y). 


dx{z + ty) - dx{z) 
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Now, we prove that the reverse of the last inequality holds for some G E'{K) with 
Un —t X. Which proves that y) is linear in y, and it follows that ddxix) is singleton. 

For, let y E X with ||y|| = 1, then by dehnition of d^(x;|/), corresponding to each n there 
exists Zji E X\K and tn > 0 such that 

\\zn — x|| + tn < —, and 
n 

we have 

f ^ ^ dx(^Zn E tny') dxi^^n) 

^ T • 

Tl iyi 

Since E\K) is dense in W \ K, choose yn E E\K) such that \\zn + tny — yn\\ < tn- Then 
dK{zn + tny) ^ dxiyn) + tn and dx^Zn) ^ dxiyn “ ^n?/) “ Thus for Sufficiently large n, we 
have 


Thus 


d^ixiy) 


1 

n 


< 


< 


dK^yn) dxiyn ^n2/) , ^>4 

7 r 

dKiXVri ^nli) T tnlj) dxiy-a ^n?/) , d+ 

7 r Zt, 

d°K{yn'-, 2/) H-1" 2f„. 

n 


d°K{.X]y) ^ lim 

n^oo 

This completes the proof of Proposition. 

Remark 2.2. It may be noted that merely density condition is not sufficient for the conclusion 
of Proposition IK1[ Let us consider K = {x E M^| ||x|| = 1}, the unit sphere in smooth space 
X = then E\K) = X\{K U {0}). Put x = 0 then we can find sequences {yn} of non 
zero vectors such that the sequences converge to zero but {gy^} are not convergent, so dx is 
not strictly smooth at x = 0. In fact the subdifferential of dx is the closed unit ball and it is 
easy to see that dx is even not smooth at x = 0. 

□ 

Before proceed further to establish our main results, note that if X is smooth then for any 
Zn E E{K) and every p{zn) E Px{zn), the subdifferential d\\zn—p{zn)\\ is singleton which 
depends on Zn and p{zn) both. Since Px{zn) is set valued, so fg„ E d\\zn — p{zn)\\ need not 
be unique corresponding to given Zn E E{K). Indeed, every sequence {zn} in E{K) deter¬ 
mines (possibly uncountably) many sequences Hence when we say that {/z„} is {w* — 

or norm) convergent for every sequence {zn} in E{K) with Zn -E- x, we mean that for every 
p{zn) E Px{zn) the sequence {fg^} where f^^ E d\\zn — p{zn)\\, obtained in this way, is {w* — 
or norm) convergent. It may be noted that they need not converge to the same {w*— or norm) 
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limit. For more details see Borwein et al. [T] Corollary 9 and Giles [6]. 

The following Proposition provides a necessary and snfficient condition for differentiability 
of the distance fnnction if E'{K) is dense in X\K. We do not assnme the nniform differen¬ 
tiability conditions as in Giles [B], Proposition 2. Hence, we hope, onr resnlt advances that of 
Giles [B]. 

Proposition 2.2. Let X be a normed linear space with smooth {Frechet smooth)norm and 
K be a nonempty closed set with the set E'{K) dense in X\K. Then the distance function 
dx generated by K is strictly smooth ( and Frechet smooth) at x E X\K if and only {fg^}is 
w* — convergent (norm convergent) for every sequence {zn} in E{K) with Zn —t x. 

Proof. First we consider the case when norm is smooth. Snppose that for every seqnence {zn} 
in E{K) with Zn x, the seqnence {fz„} is w*—convergent. Since E{K) contains E'{K), so 
it follows from Proposition 12.11 that dx is strictly smooth at x. 

Conversely, snppose that dx is strictly smooth at x. Let fg^ G d\\zn — p(zn)||, since norm 
is smooth so by Lemma [2Tl G ddx{zn). Let / be tx*— clnster point of fg„, by npper semi- 
continnity of ddx, we have / G ddx{x), bnt dx is strictly smooth at x, hence the seqnence 
{fg„} is tx*—convergent to d'xix). 


We next consider the case when the norm is Frechet smooth. Snppose that for every 
seqnence {zn} in E{K) with Zn —)■ x, the seqnence fg^ is norm convergent (so w*— convergent 
to d'^{x)). Then dx is strictly smooth at x. It remains to prove the Frechet smoothness only. 


Since dx is smooth at x, so for any —)■ 0 and any y E X with ||^|| = 1, 


lim 

n—)-oo 


dx{x + tny) -dx{x) 


d'Miy) = lim fg^{y) 


But fg„ —)■ d'j^{x) in norm, so the last limit is nniform over ||y|| = 1. Hence dx is Frechet 
smooth at x. 


Finally, snppose that dx is strictly smooth and Frechet smooth at x G X\K. Then we 
prove that fg^ is norm convergent to d'^{x) for every seqnence {Zn} in E{K) with Zn —t x. 

First we prove that fy^ is norm convergent to d'f^{x) for every seqnence {yn} in E'(K) 
with yn — )■ X. Since norm is Frechet smooth, so by Lemma 12.21 dx is Frechet smooth at each 
yn E E\K) and by assnmption dx is Frechet smooth at x G X\K. 

So, for given e > 0 there exists a 5i(e, yn) > 0 and 62 {e, x) > 0 snch that for all y G X with 
||?/|| = 1, we have 


dx{yn + iy) -dxjyn) 
t 


fyniy) 


< e for all 0 < |f| < 5i. 


and 


dx{x + ty) — dx{x) 
t 


d'xix){y) 


< e 


for all 0 < |f| < 62 - 
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Choose S = min{(5i, ^ 2 }, then for any y E X with ||^|| = 1, we have 


IfyAv) - d’K{x){y)\ ^ 


< 

< 


dRi^yn “ 1 “ ty') dRi^yn) f / \ 

^ /jM iy) 

dRjyn + ty) - dR{yn) _ dR^x + ty) - dR^x) 

t t 

4 5 

2e + - — a;|| for all - < |t| < h 

0 2 

6 e for all \\yn — 2^|| < e5. 


Since yn -E x, hence the sequence is uniformly convergent to d’j^{x){y) over |||/|| = 1, 

that is /g-„ is norm convergent to d'j^{x). 


Since 


\fz-Sy) - d'K{x){y)\ ^ I {y) - fy- ( 1 /) I + I fy- (y) - d'^{x){y)\ 

hence to complete the proof of the result it is enough to show that for every sequence {zn} 
in E{K) with Zn ^ x there is some sequence {?/„} in E\K) with ?/„ —)■ x, such that 
l/zn(?/) “ fyk{y)\ converges to zero uniformly over |||/|| = 1. 

Suppose there exists a sequence {zn} in E{K) with Zn ^ x such that is not norm 
convergent to d'j^{x). Then for every sequence {yn} in E\K) with yn -E x, the sequence 
[fzn ~ fyn} is not norm convergent to zero. So, there exists an e > 0 and a subsequence of 
[zn] (assume the sequence itself) such that for every sequence {?/„} in E\K) with yn -E- x, 
we have 


ll/^n -/y;ll > for all n. 

So there exists a sequence {vn} in X with ||r)„|| = 1 such that 

fyni^n) - fznixn) > 5e for all n. 

Since (Ir is Frechet smooth at each yn G E'{K), so there exists a Sn{e,yn) > 0 such that 
for aW V E X with ||n|| = 1, we have 


dR{yn + tv) - dR{yn) 


- fyniv) 


< e for all 0 < |f| ^ 


So, for each n and tn > 0 satisfying ^ 0 we have 


T tnVn) dR(^yn) fy'^(tnXn)\ ^ 
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Put tnVn = Wn SO that ||tyn|| = tn- So for each n, we have 
5efo < fy-A^n) - fz-{Wn) 

< fyni^n) - (ixiVn + Wn) + + dxiZn + W^j - dK{Zn) “ fzAWn) 

'^dxAn) dxAn) “ 1 “ \\yn Zn\\ 

< etn + \\Zn-p{Zn) + Wn|| “ \\Zn - P{Zn)\\ “ fzAWn) + 2||2/n - Zn\\ 

Since norm is Frechet smooth, in particular, at Zn—p{zn)- So, there exists a 0 < 5^(e, A) < dn 
such that for all u G X with ||u|| = 1, we have 


Zn -Pjzn) + foil - \\Zn - p{Zn)\\ 
t 




< e for all 0 < |t| ^ 6 ^ 


So, for each n and satisfying ^ 0 we have 

\\\Zn-p{Zn) +tnVn\\-\\Zn-p{Zn)\\- fz-An)\ < 6 ^- 


In particular, put Wn = d'^Vn then for all n, we have 

\\\Zn - P{Zn) + Wn\\ - \\Zn - p{Zn)\\ - fzAWn)\ < ed'^ 


Thus, we have 


5e5^ < ed'n + + 2 ||?/„ — Zn\\ 

This is true for every sequence {yn\ in E'{K) with —)■ x, which is impossible. Since E'{K) is 

dense in X\K, for each n, we can choose Un G E'{K) with ?/„—)■ x such that || 2 /n — 2:^11 < 

□ 

Remark 2.3. In Theorem 4 0 / |3], author has shown that for an almost proximinal set K, 
the set E'{K) to be dense a sufficient condition on X is local uniform convexity (LUR) of the 
norm. 


Let us denote by Er{K) the set 

Xo - p{xo) 


ryt ryt rp - rp rp 

•Xy o I •Xjq - •X'O ' ~i 


Xo -p(Xo)|| 


: Xo G E{K),p{xo) G Pk{x) and ||xo -p(xo)|| = (ii^(xo) > r > . 


The following Theorem signihes that the uniform differentiability on a dense set will result 
in the differentiability on X\K, if the norm on X is LUR and differentiable. 


Theorem 2.1. Let X be a normed linear space with LUR and smooth [Frechet smooth) norm. 
Let K be a nonempty closed and almost proximinal set, if for some r > 0 the set Er{K) is 
dense in X\K and dx is uniformly smooth [uniformly Frechet smooth) on the dense set. 
Then distance function dx is strictly smooth [and Frechet smooth) on X\K. 
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Proof. Let x G X\K and f > 0 be arbitrary chosen. Then due to the denseness of Er{K) in 
X\K, the set Er{K) r\B{x, f) is nonempty. Since dx is uniformly smooth (uniformly Frechet 
smooth) on Er{K) fl B{x,f). So, for given e > 0 and y E X with ||y|| = 1, there exists a 
S{e,y) > 0 (5(e) > 0) such that 


dxjx + ty) - dxix) 
t 


fxiv) 


< e 


for all X G Er{K) fl B{x, r), 0 < \t\ < 6. 


So, for X, z E Er{K) fl B{x, r) and for any y E X with |||/|| = 1, we have 


\h{y)-fx{y)\ ^ 


dx{ 

2 ; + 

ty) 

— dx 

(^) 



t 



dx^ 

;2 + 

ty) 

— dx 

(^) 



t 



dxi 

X + 

ty) 

— dx 

(x) 



t 



26 + 

4 

5 

z — 

xl 

for 

3e 

for 

all 

|U_ 

x|| 


- fz{y) 


- fx{y) 

all^< 


That is, the mapping x — > fs{y){x — > fs) is uniformly continuous on Er{K) DB^x, f) Since 
Er{K) is dense in X\K, this mapping has a unique continuous extension on B{x,f)- But 
this implies that for any x G B{x,f) ^md sequence {zn} in Er{K) fl B{x,f) converging to x, 
the sequence {f^„} is w*— convergent (norm convergent). From Proposition 12.21 it follows 
that dx is strictly smooth (and Frechet smooth) at x. □ 


One of the main results of this paper is to investigate the conditions on a nonempty closed 
set K such that Ej.{K) is dense in X\K. A simple observation reveals that for almost sun K 
the set Er{K) is dense in X\K. Indeed, we have the following result. 


Lemma 2.3. Let K be a nonempty closed and almost sun in a normed linear space X. Then 
for every r > 0, the set Er{K) is dense in X\K. 


Proof. Let §>{K) denotes the set of points x E X\K where K is sun. Since K is an almost 
sun so the set S(A') is dense in X\K, so it suffices to prove that Er{K) is dense in S(iF). 
Let y E S(K) be any point. For all 0 < e < \\y — p(2/)|| and \t\ < e, if we choose 


Xo 


y + {r-t) 


y-p{y) 

\\y-piy)\\' 


Then Xo is also in S(iL) and it is easy to prove that p{y) E K is the nearest point for Xo and 
dx{xo) = ||a;o — p{xo)\\ = ||a:o — p{y)\\ = \\y — p{y)\\ — t + r > r. Now Xo = y, Therefore 


X = Xo — rxo E Kr{K) 

y - p{y) 

'\\y-piy)\\ 

y-p{y) 


= Xo 


"" ^ %-piy)r 

\\x-y\\ = 1^1 < e- 


that is. 
So, 
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Thus, for y G S(i^) and 0 < e < \\y — p{y)\\, the point x = y — ty is in Er{K) for all |f| < e 
such that ||a; — y\\ < e. This proves that Er{K) is dense in S{K) for all r > 0. □ 

Using Lemma [2.31 and Theorem 12.11 we can deduce the differentiability of dx on X\K, if 
it is uniformly differentiable on some dense set Er{K). 

Corollary 2.1. Let X be a normed linear space with LUR and smooth {Frechet smooth) norm, 
and K be a nonempty closed subset of X, which is almost sun. Suppose dx is uniformly smooth 
{uniformly Frechet smooth) on the set Er{K) for some r > 0. Then distance function dx is 
strictly smooth {and Frechet smooth) on X\K. 

3 Convexity of Almost Sun 

We observe that the notion of almost sun is not merely a tidier form for Giles [6] page 462, but 
it also provides a non-trivial illustration for the proximinal condition. Moreover, the Lemma 
12.31 motivates to improve the results of Giles [B] page 462. 

Theorem 3.1. Let X be a normed linear space with uniformly smooth (uniformly Frechet 
smooth) norm, and iF be a nonempty closed subset of X, which is almost sun. Then dx is 
smooth (Frechet smooth) on X\K. 

Proof. In the Giles proof, it requires only the denseness of Er{K) in X\K for some r > 0, 
which follows from Lemma 12.31 for almost sun K. □ 

The above Theorem enables us to give a better characterizations for the convexity of a set. 
Which follows directly from Proposition 11.11 and Gorollary 12.11 

Corollary 3.1. Let X he a Banach space, and K be a nonempty closed subset of X, which is 
almost sun. If 

{i) X has uniformly smooth norm and the distance function dx satisfies ||d)i-(a;)|| = 1 for 
all X E X\K. 

or {ii) X has LUR and smooth norm and the distance function dx is uniformly smooth 
on the set Er{K) for some r > 0 which satisfies ||dx(a;)|| = 1 for all x E X\K. 

or {Hi) X has uniformly Frechet smooth norm, 

or {iv) X has LUR and Frechet smooth norm and the distance function dx is uniformly 
Frechet smooth on the set Er{K) for some r > 0. 

Then K is convex. 

Observe that if the distance function dx generated by a proximinal set K is smooth on 
X\K, then we have||(i)^(x)|| = 1 for all x E X\K. So if X has uniformly smooth norm, then 
every proximinal and almost sun K is convex. 
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Let the norm of space X be uniformly smooth and rotund. Let K be an almost sun 
then every point x G X\K which has a closest point in K has a unique closest point in 
K. To see this, suppose that a point x G X\K has two closest points pi{x),p 2 {x) G K. If 
Xi and X 2 denotes the unit vectors in the direction of a; — pi{x) and x — P 2 {x) respectively, 
then using Theorem 13.11 it follows that dx is smooth at x and d'j^{x) = Since 

which implies that || || = 1, a contradiction to the 

rotundity. This proves the uniqueness of the closest point. 

Thus we conclude the following result, which asserts that proximinality is equivalent to 
Chebyshev property for almost sun. 

Theorem 3.2. Let X be a normed linear space with uniformly smooth and rotund norm. Then 
a nonempty closed set K which is almost sun, is Chebyshev if and only if K is proximinal. 

Since every Hilbert space has the property of rotundity and uniform smoothness of the 
norm, and every Chebyshev set is proximinal. Hence we have a partial result regarding the 
convexity of Chebyshev sets in a Hilbert space. 

Theorem 3.3. In a Hilbert space every Chebyshev set which is almost sun, is convex. 

Thus the problem of convexity of Chebyshev set in a Hilbert space is equivalent to the 
existence of a Chebyshev set K which is not a sun at every point of some open ball in X\K. 

It is known that in any reflexive Banach space X with Kadec norm, every nonempty closed set 
K has a set E(iC) dense in X\K, in particular every Hilbert space has this property. Thus, 
if for some r > 0 the set Kr{K) is dense in X\K then it follows that in a Hilbert space every 
Chebyshev set must be convex. 

It is easy to verify that the Vlasov’s differentiability condition is a consequence of the 
almost sun property and so we have the following result which is more general than the above 
Theorem. 


Theorem 3.4. In a Banach space X with rotund dual X* every nonempty closed set K which 
is almost sun, is convex. 

Proof. Since K is almost sun, by Lemma [2.31 for every r > 0 the set Er{K) is dense in X\K. 
So the proof follows from the ending Theorem of Giles[6] page 463. □ 

Since a convex proximinal set is a sun, so we have the following characterization and 
equivalent conditions for convexity of Chebyshev and proximinal sets respectively. 

Corollary 3.2. Let X be a Banach space with rotund dual X*. Then a Chebyshev set K is 
convex if and only if it is an almost sun. 

Theorem 3.5. Let X be a Banach space with rotund dual X*, and K be a proximinal set in 

X. Then following are equivalent for K 

(i) Almost sun 

{ii) Convex 

{in) Sun 
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